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The real projective plane RP? is defined as the space of lines in R3
passing through the origin. Historically, this space arose from the study of
perspective by artists during the Renaissance; today projective geometry is
one of the major non-Euclidean geometries. Topologically, RP? is a simple
example of a non-orientable manifold (see [4]).

One representation of the topology of RP? is as the quotient space of
the closed disk with identification of antipodal points on the boundary; this
representation is particular suitable for computing homology. For example,
in [2] a CW complex based on this representation is used to calculate

Z, fork=0,
H,(RP?) = { Z,, fork =1,
0 otherwise.

Moreover, this representation admits a triangulation, shown in Figure 1
(see [3]). The following results from [1] show how to use a triangulation in
order to construct a homeomorphism between a polyhedron and a cubical
set; thus the homology of RP? can be computed using cubical homology:

Theorem 1 Let P be a polyhedron, S a triangulation of P, and
V = {vp,v1,...,04}
be the set of vertices in S. For any n-simplex S = conv{v,,, Up,, ..., vy, } € S,

define fg: S — A? by
fS(Z )‘ivpi) = Z )‘iepn

where \; are the barycentric coordinates of a point in S, e; are the canonical
basis vectors of RY for j =1,2,....d, ey =0, and A? = conv{eg, ey, ...,e;}
is the standard d-simplex. Then extending the maps fs to a map f: P —
f(P) Cc A? gives a homeomorphism between P and f(P). Moreover, f maps
simplices in S onto simplices of f(P).

Theorem 2 Define g: A4 — [0,1]¢ by

0, if x =0,
g((lf) = T1+T2+ 4y

otherwise
max{z1,r2,...,q}

for x = (x1,29,...,24). Then g is a homeomorphism; moreover, g maps
simplices onto cubical subsets of [0, 1]%.



V1

Figure 1: Representing RP? as a closed disk with antipodal points of the
boundary identified reveals a triangulation.



Corollary 3 h := go f is a homeomorphism between P and h(P), where
h(P) is a cubical subset of [0,1]%.

As shown in figure 1, RP? has a triangulation with 6 vertices. Thus it
is homeomorphic to a cubical subset X € [0, 1]°. Moreover, the functions in
Theorem 1 and Theorem 2 can be used to explicitly compute X:

Proposition 4

Proof Observe that h(RP?) = U{h(S) : S is a face of RP?}. Thus it is
sufficient to compute the image of each face of RP2.
Consider S = conv{vg, vy, v4}. For any point A\gvg + Ajvq + Agvy € S:

h()\o’Uo + )\1211 + )\4’04) = go fg()\o’Uo + )\1211 + )\4’04)
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= g(Xoeo + A1 + A\sey)
= g(>\1€1 + )\464)
A1

= 7111&)(()\1, )\4) ()\1 + )\4)61

A4
—_— (A + A
+1’I1&X()\1, )\4)( 1 4)94
€ [0,1] x [0] x [0] x [0, 1] x [0],
because 0 < \j+M\y < TlasAg+A\+ Ay =1with A\; > 0,and 0 < m < 1.
On the other hand, for z1e; + x4e4 € [0, 1] x [0] x [0] x [0, 1] x [0]: Define
A = mmax(@ies) oy mamax(@nea) ang N =1 — \; — A\y. Note that

z1+T4 z1+24
vo— 1 rymax(zry,ry)  xgmax(zy,xy)
o - T1 + X4 T+ T4
(x1 4+ x4)max(z1, 4)

- 1-

=1—max(xq,24) > 0,
T+ X4 Ky aa) 2

SO A\gUg + A\v1 + Mug € S. Then

A
h()\ovo + )\11}1 + )\41)4) = Wl)\)()\l + )\4)81
1, N4
A
1 ()\1 + )\4)64

. —
max (A1, A\yg)
z1max(z1,24)
— _ Titwrs
= e max(xy, T4)e;
T1+x4
z4max(T1,24)
T1+x4
T @ max(xy, T4)ey
T1+x4a

= xi1€1 + T4ey.

Thus h(S) = [0, 1] x [0] x [0] x [0, 1] x [0].
By analogous arguments,

h(conv{vy, v1,v5}) [0, 1] x [0] x [0] x [0] x [0, 1]
h(conv{wvg, va,v3}) = [0] x [0,1] x [0,1] x [0] x [0]
h(conv{vg,va,v4}) = [0] x [0,1] x [0] x [0,1] x [0]
h(conv{vg,vs,v5}) = [0] x [0] x [0, 1] x [0] x [0, 1]



Now consider S = conv{wvy, ve,v3}. For any point A\jv; + Ayvy + Agvs € S:

h()\lvl + )\2’(]2 + )\31)3) = g o fs()\lvl + )\2’(]2 -+ )\31}3)
= g(Aer + Maeq + Azes)

A1
p— A
max()\l, )\2, )\3) (Al + >\2 + 3)61
A2
+max()\1, )\27 )\3) ()\1 + )\2 —+ )\3)62
A3
+max()\1, )\2, >\3> ()\1 + )\2 + )\3)63
B A1 o+ A2 .
T max(A, Ao, Ag) - max(Ag, A, Ag)
+ As e
max()\l, )\2, )\3) 3
Thus,
[0,1] x [0,1] x [1] x [0] x [0], if A3 = max(\;),
h(Av1 + Agvg + Agvg) € ¢ [0,1] x [1] x [0,1] x [0] x [0], if Ay = max();),
[1] x [0,1] x [0,1] x [0] x [0], if Ay = max()\;).
[

)\2 = ZL’Q)\l S )\1, )\3 = ZL’3)\1 S )\1. Then:

)\1 )\2
max(h, o) max O, A, )
A3
+max()\1, A2, A3) ©s
= %el + i—jeg + i—jeg
= €] + xgey + x3€3

Define A\ =

1
14+zo+x3’

h()\l’Ul + )\2212 + )\3’03)

Similarly, for z1e; + es + x3e3 € [0, 1] x [1] x [0, 1] x [0] x [0]:
T 1 T3
h v + Vg + ————— =111 + e, + x3€
(x1+1+x31 T+l +as G

r1+ 1+ 23
And for z1e; + x2e5 + €3 € [0, 1] x [0,1] x [1] x [0] x [0]:
T 1 1
h + b
($1+$2+1U1 $1+JI2+1U2 $1+ZL’2+1

= r1€e1 + Toes + €3
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It follows that

h(S) = ([0,1] x [0, 1] x [1] x [0] x [0])
U([0, 1] x [1] x [0, 1] x [0] x [0])
U([1] x [0,1] x [0, 1] x [0] x [0]).
By analogous arguments,
h(conv{vy, v, v5}) = ([0,1] x [0,1] x [0] x [0] x [1])
u([0, 1] x [1] x [0] x [0] x [0,1])
U([1] > [0,1] x [0] x [0] x [0, 1])
h(conv{vy,vs,vs}) = ([0,1] x [0] x [0,1] x [1] x [0])
U([0, 1] x [0 x [1] > [0, 1] x [0])
U([1] x [0] x [0, 1] x [0, 1] x [0])
h(conv{vy,vs,v5}) = ([0] x [0,1] x [0] x [0, 1] x [1])
U([0] x [0,1] x [0] x [1] x [0,1])
U([0] > [1] x [0] x [0, 1] x [0, 1])
h(conv{vs,vs,v5}) = ([0] x [0] x [0, 1] x [0,1] x [1])
U([0] > [0] x [0, 1] x [1] x [0, 1])
U([0] x [0] x [1] x [0, 1] x [0, 1]).

Using the homcubes program from the CHomP homology software pack-
age, the homology of this cubical representation of RP? was determined to
be

Z, fork=0,
H,(RP?) = { Zy, fork =1,
0 otherwise,

agreeing with the result in [2].



Appendix: Data for homcubes

Type of set : C
Space Dimension : b
dimension 5

; Image of conv{v_0, v_1, v_4}
[0,1] x [0] x [0] x [0,1] x [0O]

; Image of conv{v_0, v_1, v_5}
(0,11 x [0] x [0] x [0] x [0,1]

; Image of conv{v_0, v_2, v_3}
(0] x [0,1] x [0,1] x [0] x [0O]

;Image of conv{v_0, v_2, v_4}
(0] x [0,1] x [0] x [0,1] x [O]

; Image of conv{v_0, v_3, v_5}
[0] x [0] x [0,1] x [0] x [0,1]

;Image of conv{v_1, v_2, v_3}

[1] x [0,1] x [0,1] x [0] x [0O]
(0,11 x [1] x [0,1] x [0] x [0]
[0,1] x [0,1] x [1] x [0] x [O]

;Image of conv{v_1, v_2, v_5}

[1] x [0,1] x [0] x [0] x [0,1]
[0,1] x [1] x [0] x [0] x [0,1]
[0,1] x [0,1] x [0] x [0] x [1]

;Image of conv{v_1, v_3, v_4}

[1] x [0] x [0,1] x [0,1] x [0O]
[0,1] x [0] x [1] x [0,1] x [0O]
(0,11 x [0] x [0,1] x [1] x [0]

;Image of conv{v_2, v_4, v_5}
(0] x [1] x [0] x [0,1] x [0,1]



(0] x [0,1] x [0] x [1] x [0,1]
(0] x [0,1] x [0] x [0,1] x [1]

; Image of conv{v_3, v_4, v_5}

(0] x [0] x [1] x [0,1] x [0,1]
[0] x [0] x [0,1] x [1] x [0,1]
[0] x [0] x [0,1] x [0,1] x [1]
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